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Devwudfw
Zh lqyhvwljdwh wkh fkrlfh ri pdunhw yduldeoh/ sulfh ru txdqwlw|/ ri
dq rswlpdo lpsolflw fduwho1 Li wkh glvfrxqw idfwru lv kljk/ wkh fduwho
fdq uhdol}h wkh prqrsro| sur￿w lq erwk fdvhv1 Rwkhuzlvh/ lw lv rswlpdo
iru wkh fduwho wr uho| rq txdqwlwlhv lq wkh frooxvlyh skdvh li jrrgv duh
vxevwlwxwhv dqg sulfhv li jrrgv duh frpsohphqwv1 Wkh uhdvrq lv wkdw
wklv plqlpl}hv wkh jdlqv iurp ghyldwlrqv iurp frooxvlyh sod|1
NH\ZRUGV= sduwldo frooxvlrq/ surgxfw gl￿huhqwldwlrq
MHO Fodvvl￿fdwlrq Frghv= G76/ O46
4 Lqwurgxfwlrq
D uhfxuuhqw wkhph lq lqgxvwuldo rujdql}dwlrq lv zkhwkhu upv fkrrvh txdqwl0
wlhv ru sulfhv1 Vlqjk dqg Ylyhv +4<;7, jlyh d wkhruhwlfdo dqvzhu1 Wkh| frq0
vlghu d glhuhqwldwhg gxrsro| zkhuh upv fdq fkrrvh zkhwkhu wr xvh sulfhv
ru txdqwlwlhv dqg wkh| vkrz wkdw upv fkrrvh txdqwlwlhv zkhq jrrgv duh
vxevwlwxwhv dqg sulfhv zkhq jrrgv duh frpsohphqwv1 Zh lqyhvwljdwh zkhwkhu
dq lpsolflw fduwho/ uho|lqj rq wdflw frooxvlrq/ zloo fkrrvh txdqwlwlhv ru sulfhv1
Iru yhu| kljk glvfrxqw idfwruv/ wklv grhv qrw pdwwhu/ wkh prqrsro| surw
f d qe hu h d o l } h gl qe r w kf d v h v 1 I r uo r z h ug l v f r x q wi d f w r u vw k l vl vq r wv r /d q
rswlpl}lqj fduwho zloo fkrrvh txdqwlwlhv li jrrgv duh vxevwlwxwhv dqg sulfhv li
jrrgv duh frpsohphqwv1 Wkh uhdvrq lv wkdw wkhvh fkrlfhv plqlpl}h wkh jdlqv
￿Zh wkdqn Elujlw Jurgdo/ Shu Edow}hu Ryhujddug dqg vhplqdu sduwlflsdqwv lq Frshq0
kdjhq dqg Erorjqd iru yhu| xvhixo frpphqwv dqg glvfxvvlrq1
|Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Erorjqd/ Vwudgd Pdjjlruh 78/ L073458
Erorjqd/ Lwdo|/ id{= .6<38453<5997/ odpehuwlCvser1xqler1lw
}Fhqwuh iru Lqgxvwuldo Hfrqrplfv/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/
Vwxglhvwudhgh 9/ GN 4788 Frshqkdjhq N/ Ghqpdun/ id{= .7868656333/ h0pdlo= Fkulv0
wldq1Vfkxow}Chfrq1nx1gn
4iurp ghyldwlrq iurp frooxvlyh sod|1 Frqwudu| wr wkh suhylrxv olwhudwxuh lq
w k l vd u h d /z hd v v x p hw k d wd u pf r p p l ww rds u l f hr udt x d q w l w |i r uds h u l r g
exw fdqqrw frpplw ehlqj d txdqwlw| +ru sulfh, vhwwhu iruhyhu1
Ghqhfnhuh +4<;6/ 4<;7, dovr vwxglhv d uhshdwhg gxrsro|1 Kh fdofxodwhv
wkh vpdoohvw glvfrxqw idfwru qhfhvvdu| iru frooxglqj rq wkh prqrsro| surw
li upv duh frpplwwhg wr eh sulfh vhwwhuv ru txdqwlw| vhwwhuv iruhyhu1 Wklv
glvfrxqw idfwru lv vpdoohvw iru txdqwlwlhv zkhq jrrgv duh vxevwlwxwhv/ dqg iru
sulfhv zkhq jrrgv duh frpsohphqwv1 Ghqhfnhuh lqwhusuhwv wklv dv d fduwho lv
pruh vwdeoh li lw frpshwhv lq txdqwlwlhv zkhq jrrgv duh vxevwlwxwhv dqg lq
sulfhv zkhq jrrgv duh frpsohphqwv +vhh dovr Pdmhuxv/ 4<;;> dqg Urwkvfklog/
4<<5,1 Odpehuwlql +4<<:, ohw upv qrq0frrshudwlyho| fkrrvh pdunhw yduldeoh
rqfh dqg iru doo lq d phwd0jdph ehiruh wkh uhshdwhg jdph1 Wkh sd|r wr wkh
upv lq wkh phwd0jdph lv qrw surw/ exw glvfrxqw idfwruv dv wkrvh fdofxodwhg
e| Ghqhfnuh1 Ilupv duh dvvxphg wr zlvk wr plqlpl}h wkhvh glvfrxqw idfwruv1
Wklv ohdgv wr d sulvrqhuv glohppd vwuxfwxuh/ zkhuh upv fkrrvh wkh yduldeohv
Ghqhfnuh irxqg ohdg wr ohvv vwdeoh fduwhov1
Rxu sdshu lpsuryhv rq wkh olwhudwxuh lq vhyhudo dvshfwv1 Frqwudu| wr
Odpehuwlql/ zh lqvlvw wkdw d up*v sd|r lv wkh wrwdo vxp ri glvfrxqwhg
surwv1 Wkhuh lv qr phwd0jdph frqvwuxfwlrq khuh1 Vhfrqgo|/ zh gr qrw
dvvxph wkdw upv fdq frpplw wr d pdunhw yduldeoh iru doo ixwxuh/ wkh fkrlfh
ri pdunhw yduldeoh rqo| frpplwv wkh up iru rqh shulrg1 Wklugo|/ zh fryhu
wkh fdvh zkhuh upv duh xqdeoh wr frooxgh rq prqrsro| surwv dqg kdyh wr
dlp iru orzhu frooxvlyh surwv1
5W k h v w d j h j d p h
Wkh prgho lv d v|pphwulf/ vlpsolhg/ yhuvlrq ri Vlqjk dqg Ylyhv +4<;7,1
Wkhuh duh wzr lghqwlfdo upv/ surgxflqj glhuhqwldwhg jrrgv/  ' c 2uh0
vshfwlyho|1 Wkh| duh idfhg zlwk lqyhuvh ghpdqg ixqfwlrqv
R￿ '^ ￿^￿ +4,
zkhuh ^￿ dqg R￿ duh wkh txdqwlw| dqg sulfh uhvshfwlyho| ri jrrg ri up  dqg









 2R ￿ +5,
Pdujlqdo frvwv duh qrupdol}hg wr }hur1 Wkh shu shulrg surw ri up  lv
Z￿ ' R￿^￿ Zh doorz iru qhjdwlyh sulfhv dqg txdqwlwlhv1 Lqfrusrudwlqj qrq0
qhjdwlylw| frqvwudlqwv zrxog qrw fkdqjh rxu uhvxowv exw frpsolfdwh ghulyd0
wlrqv1 Lq wkh zrunlqj sdshu yhuvlrq +Odpehuwlql dqg Vfkxow}/ 5334, wklv lv
5grqh1 Lq hdfk shulrg wkhuh duh wzr vwdjhv1 Lq wkh uvw/ hdfk up ghflghv
zkhwkhu wr vhw sulfh ru txdqwlw| lq wkh shulrg1 Lq wkh vhfrqg vwdjh wkh dfwxdo
ydoxh lv fkrvhq/ wklv iroorzv Vlqjk dqg Ylyhv +4<;7,1
Li erwk upv fkrrvh txdqwlwlhv up 4*v surw lv
Z
￿
￿ E^￿c^ 2'^ ￿^
2
￿^2^￿ +6,
Jlyhq up 5 kdv fkrvhq ^c wkh ehvw uhso| txdqwlw|/ -￿E^c iru up 
vroyhv 4@ ^￿ Z￿E^￿c^cwkh dvvrfldwhg surw lv ghqrwhg Z(￿











Zkhwkhu up 4 uhvsrqgv wr d txdqwlw| fkrvhq e| up 5 e| fkrrvlqj
txdqwlwlhv ru sulfhv lv luuhohydqw/ lq erwk fdvhv up 4 fkrrvhv wkh ehvw srlqw
dorqj wkh uhvlgxdo ghpdqg fxuyh1 Khqfh/ zkhq up 5 vhwv d txdqwlw|/ Z(￿E^
jlyhv wkh ehvw uhvsrqvh surw wr up 4/ uhjdugohvv ri zkhwkhu lw kdv fkrvhq
w rv h ws u l f h vr ut x d q w l w l h vl qw k h u v wv w d j h 1






















Wkh ehvw uhso| sulfh/ -￿ERc vroyhv 4@ R￿ Z￿
￿ ER￿cRcwkh dvvrfldwhg surw
lv Z(￿
￿ ER Vwudljkwiruzdug fdofxodwlrqv jlyh
-￿ER'









Wkh Ehuwudqg htxloleulxp surw shu up lv Z￿￿ '

E2  2E n 
1
Vlqjk dqg Ylyhv +4<;7/ sursrvlwlrq 5, vkrz wkdw wkh vxejdph shuihfw
htxloleulxp ri wkh wzr0vwdjh jdph lv xqltxh1 Li f 		 cerwk upv wr
fkrrvh txdqwlwlhv/ dqg wkh Frxuqrw htxloleulxp uhvxowv> li  		f cerwk
upv wr fkrrvh sulfhv wkh Ehuwudqg htxloleulxp uhvxowv1
66E h v w u h v s r q v h s u r  w v
Zh zloo frqvlghu v|pphwulf htxloleuld1 D jlyhq surw ohyho fdq eh rewdlqhg
hlwkhu e| vhwwlqj sulfhv ru txdqwlwlhv1 Lq hdfk fdvh/ zh fdq fdofxodwh wkh ehvw
uhvsrqvh surw dvvrfldwhg zlwk wklv ohyho ri sulfhv ru txdqwlwlhv dqg qg rxw
zkhq wkh ghyldwlrq surw lv odujhu1 Hdfk up rewdlqv d surw Z li wkh| erwk
surgxfh wkh txdqwlw| ^ vroylqj
Z ' ^  E n ^
2 +8,









  eE n Z
2En
+9,
Zh duh lqwhuhvwhg lq wkh urrw plqlpl}lqj wkh ehvw uhvsrqvh surw/ Z(￿
￿ E^
Whglrxv fdofxodwlrqv vkrz wkdw iru :f cwklv lv wkh uvw +dqg odujhu, urrw/
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Wkh uvw vpdoohu urrw jlyhv wkh vpdoohvw ehvw uhvsrqvh surw li :f cdqg




A A A A ?


























7Iru d jlyhq surw ohyho Z zh fdq qrz hydoxdwh zkhwkhu sulfh0 ru txdqwlw|0
vhwwlqj jlyh wkh kljkhvw dvvrfldwhg ehvw uhvsrqvh surw1 Li jrrgv duh frpsoh0








E  eZ  eZ
 2
eE2En
zklfk kdv wkh vdph vljq dv wkh vljq ri wkh sduhqwkhvlv1 Wklv lv srvlwlyh




(￿EREZ iru   		fdqg Z







2ZE n    n
s
E  eZ  eZ
 2
eE2En
zklfk kdv wkh vdph vljq dv wkh vljq ri wkh sduhqwkhvlv1 Wklv qhjdwlyh hydo0




(￿EREZ iru f 		dqg Z
￿￿  Z  Z
6 +45,
7W k h u h s h d w h g j d p h
Wkh uhshdwhg jdph frqvlvwv ri wkh deryh pdunhw jdph uhshdwhg dq lqqlwh
qxpehu ri wlphv Ilupv pd{lpl}h wkh vxp ri glvfrxqwhg surwv dqg wkh
frpprq glvfrxqw idfwru lv Bc zkhuh f 	B	 Glvfrxqwlqj rffxuv ehwzhhq
shulrgv/ exw qrw ehwzhhq wkh wzr vwdjhv ri d shulrg1 Zh iroorz Iulhgpdq
+4<:4, dqg orrn iru wkh ehvw v|pphwulf vxejdph shuihfw htxloleulxp iru wkh
upv/ zklfk fdq eh vxvwdlqhg e| wuljjhu vwudwhjlhv zkhuh wkh sxqlvkphqw
lv uhyhuvlrq wr wkh rqh vkrw +vxejdph shuihfw, Qdvk htxloleulxp1 Zkhwkhu
upv xvh sulfhv ru txdqwlwlhv lq wkh sxqlvkphqw skdvh ghshqgv rq zkhwkhu
jrrgv duh vxevwlwxwhv ru frpsohphqwv dv iroorzv gluhfwo| iurp Vlqjk dqg
Ylyhv +4<;7/ sursrvlwlrq 5, flwhg deryh1 Ohw Z￿ eh wkh surw ri wkh vxejdph
shuihfw htxloleulxp lq wkh vwdjh jdph1
Dv lv zhoo nqrzq/ wkh qrq0ghyldwlrq frqvwudlqw lq wkh qrupdo skdvh vwls0
xodwhv wkdw d up vkrxog suhihu lwv qrupdo skdvh dfwlrq wr sod|lqj d ehvw



















Wkh ehvw vxvwdlqdeoh surw lv hlwkhu wkh prqrsro| surw shu up/ Z6c ru
wkh kljkhvw surw ohyho Z	Z 6iru zklfk wkh frqvwudlqw lv ixooohg zlwk
htxdolw|1 Wkh orzhvw glvfrxqw idfwru/ iru zklfk wkh prqrsro| surw fdq eh
vxvwdlqhg/ pdnhv wkh frqvwudlqw ixooohg zlwk htxdolw|1 Li upv vhw txdqwlwlhv/




Z(￿E^EZ6  Z￿ +48,
+reylrxvo|/ B
’ ghshqgv rq  Li upv vhw sulfhv wkh fuxfldo glvfrxqw idfwru/ B
￿c
lv jlyhq e| wkh vdph h{suhvvlrq zkhuh Z(￿EREZ6 lv vxevwlwxwhg iru Z(￿E^EZ6
Lw iroorzv wkdw wkh fuxfldo glvfrxqw idfwru lv kljkhu wkh kljkhu wkh ehvw uh0
vsrqvh surw lv1 Xvlqj +44, dqg +45, zh wkhuhiruh kdyh
B
’ 	B
￿li dqg rqo| li f 		 +49,
B
’ :B
￿li dqg rqo| li   		f
Li jrrgv duh vxevwlwxwhv +f 		c wkhuh lv d udqjh ri glvfrxqw idfwruv/
^B
’cB
￿o zkhuh wkh prqrsro| surw fdq rqo| eh rewdlqhg e| txdqwlw| vhw0
wlqj1 Khuh dq lpsolflw fduwho zloo ohw wkh upv fkrrvh txdqwlwlhv1 Zkhq
jrrgv duh frpsohphqwv/ wkh vlwxdwlrq lv uhyhuvhg/ dqg iru vrph udqjh upv
fkrrvh sulfhv1 Iru yhu| kljk glvfrxqw idfwruv/ wkh fkrlfh ri pdunhw yduldeoh
lv luuhohydqw1
Li wkh glvfrxqw idfwru lv orz wkh prqrsro| surw fdqqrw eh vxvwdlqhg1
Krzhyhu/ d fduwho fdq dw ohdvw hqvxuh wkh plqlpxp ri wkh Ehuwudqg dqg
Frxuqrw surw/ vr zh fdq xvh +44, dqg +45,1 Vxssrvh jrrgv duh vxevwlwxwhv/
wkhq Z(￿EREZ :Z (￿E^EZ Frqvlghu wkh surw ohyho Zc zklfk pdnhv +46,
ixooohg zlwk htxdolw|1 Dw wklv ohyho wkh lqhtxdolw| +47, lv eurnhq/ Z fdq
rqo| eh vxvwdlqhg e| fkrrvlqj txdqwlwlhv1 Zh frqfoxgh/ wkdw li jrrgv duh
vxevwlwxwhv/ upv fkrrvh txdqwlwlhv1 Vlploduo|/ li jrrgv duh frpsohphqwv
wkh| fkrrvh sulfhv lq wkh qrupdo skdvh1 Wr vxppdul}h wkh glvfxvvlrq
Wkhruhp 4 Wkhuh h{lvw glvfrxqw idfwruv B
’ dqg B
￿c zkhuh f 	B
’cB
￿ 	
vxfk wkdw lq wkh rswlpdo wuljjhu0vwudwhj| htxloleulxp zlwk Qdvk0sxqlvkphqw1
941 Li B:4@ dB
’cB
￿oc wkh fkrlfh ri pdunhw yduldeoh lv luuhohydqw1 Ilupv
rewdlq wkh prqrsro| surw1




vhw txdqwlwlhv lq wkh qrupdo skdvh1 Li B 5 dB
’cB
￿oc upv rewdlq wkh
prqrsro| surw> li B	B
’cwkh| rewdlq ohvv1




upv vhw sulfhv lq wkh qrupdo skdvh1 Li B 5 dB
￿cB
’o upv rewdlq wkh
prqrsro| surw> li B	B
￿cwkh| rewdlq ohvv1
Wkh fuxfldo hohphqw lq wkh dujxphqwv deryh lv wkdw wkh vl}h ri wkh ehvw
uhvsrqvh surw ghshqgv rq zklfk pdunhw yduldeoh wkh upv xvh1 Wklv lv
lqghshqghqw ri wkh sduwlfxodu sxqlvkphqw skdvh1 Wkh sxqlvkphqw skdvh lv
lpsruwdqw iru wkh h{dfw ydoxhv ri B
’ dqg B
￿c exw qrw iru dujxphqwv wkdw d
fduwho zloo lqvwuxfw upv wr xvh txdqwlwlhv li jrrgv duh vxevwlwxwhv iru orzhu
glvfrxqw idfwruv dqg sulfhv li jrrgv duh frpsohphqwv1 Wkhvh uhvxowv duh dovr
ydolg iru glhuhqw +iru lqvwdqfh rswlpdo, sxqlvkphqw skdvhv1
8 Uhihuhqfhv
Ghqhfnhuh/ U1 +4<;6,/ Gxrsro| Vxshujdphv zlwk Surgxfw Glhuhqwldwlrq/
Hfrqrplfv Ohwwhuv/ 44/ 6:0751
Ghqhfnhuh/ U1 +4<;7,/ Fruuljhqgd/ Hfrqrplfv Ohwwhuv/ 48/ 6;80:1
Iulhgpdq/ M1Z1 +4<:4,/ D Qrqfrrshudwlyh Htxloleulxp iru Vxshujdphv/
Uhylhz ri Hfrqrplf Vwxglhv/ 6;/ 40451
Odpehuwlql/ O1 +4<<:,/ Sulvrqhuv* Glohppd lq Gxrsro| +Vxshu,Jdphv/
Mrxuqdo ri Hfrqrplf Wkhru|/ ::/4 ; 4 0 < 4 1
Odpehuwlql/ O1 dqg F1 Vfkxow} +5334,/ Sulfh yv Txdqwlw| lq d Uhshdwhg Gli0
ihuhqwldwhg Gxrsro|/ grzqordgdeoh dw zzz1gvh1xqler1lw2odpehuwl2uhshdw51sgi
Pdmhuxv/ G1 +4<;;,/ Sulfh yv Txdqwlw| Frpshwlwlrq lq Roljrsro| Vxshujdphv/
Hfrqrplfv Ohwwhuv/ 5:/ 5<60:1
Urwkvfklog/ U1 +4<<5,/ Rq wkh Vxvwdlqdelolw| ri Frooxvlrq lq Glhuhqwldwhg
Gxrsrolhv/ Hfrqrplfv Ohwwhuv/ 73/6 6 0 : 1
Vlqjk/ Q1 dqg [1 Ylyhv +4<;7,/ Sulfh dqg Txdqwlw| Frpshwlwlrq lq d Gli0
ihuhqwldwhg Gxrsro|/ UDQG Mrxuqdo ri Hfrqrplfv/ 48/ 8790871
: